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In his talk ‘Spanning tees of planar maps’ at the 19th Southeastern Conference 
on Combinatorics, Graph Theory and Computing (Baton Rouge, LA, February 
1988), Rosenfeld stated the following conjecture. 
Conjecture. Let G be a 2-connected graph and let % be a collection of cycles in 
G such that: 
(i) each edge of G is in exactly two members of %‘e; and 
(ii) for each spanning tree T of G, at least two members of % have all but one 
edge in T. 
Then G is planar. 
This conjecture was motivated by his observation that if G is planar, then the 
collection %’ of face boundaries of a planar embedding have properties (i) and 
(ii). In this note, a counterexample to the conjecture is presented. What makes 
the example interesting is the use of surface embeddings and geometric duals. 
Given a spanning tree T and a cycle C in a graph G, C is well-covered by T if 
all but one edge of C is in T. Thus, (ii) asserts that, for each spanning tree T, at 
least two members of % are well-covered by T. 
Consider the graph G drawn in the real projective plane illustrated in Fig. 1. 
(The real projective plane is represented here as the closed unit disc with 
antipodal boundary points identified.) (The graph G, incidentally, is the line 
graph of the Petersen graph.) Since G contains a subdivision of Kg, G is not 
planar. Let ‘d: consist of the 16 cycles of G which are the face boundaries. In 
particular, % consists of 10 edge-disjoint triangles covering all 30 edges, together 
with 6 edge-disjoint pentagons, covering all 30 edges. 
In Fig. 2, the geometric dual D is drawn in heavy lines. Let X be the set of 
vertices of D having degree 3 and let Y be the set of vertices of degree 5. Each 
edge of D joins an element of X to an element of Y; thus, D is bipartite. 
(Alternative proof: Since G is 4-regular, every face of D is a 4-cycle. Since the 
face boundaries and one essential cycle generate the cycle space of D (see either 
[l] or [2]), and there is an even essential cycle, every cycle in D is even, so D is 
bipartite.) 
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Fig. 1. Fig. 2. 
Since T has 14 edges, the complement T= E(G)\E(T) has 16 members. As D 
is bipartite with 10 vertices in one class, at least four of these have degree one in 
the subgraph of D induced by the edges of !?. Each such vertex corresponds to a 
well-covered face of G. 
This example can easily be generalized. Let D be a bipartite graph with more 
vertices on one side than the other. If D is embedded in a surface of small genus, 
then, assuming the embedding is dense enough, the dual will be nonplanar. The 
density here is that of Robertson and Vitray [4]: any noncontractible cycle in the 
surface should meet the embedding of D in at least three points. This is enough to 
ensure the nonplanarity of both D and its dual ([3]). The dual will be the 
counterexample to Rosenfeld’s Conjecture. 
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